Interpretation of black box models
with (or without) derivatives

ENBIS Webinar
2024 March 13

O. Roustant, INSA Toulouse

Synthesis of collaborative works from 2014 to now, with:
F. Barthe, F. Gamboa, A. Joulin (Inst. Math. Toulouse), B. looss (EDF),

N. Luethen, S. Marelli, B. Sudret (ETH Zirich)
J. Fruth, S. Kuhnt (Univ. Dortmund)



Part |

Interpretating black-box functions
using Global Sensitivity Analysis (GSA)



Fundamental theorem: Sobol-Hoeffding decomposition

Framework. X = (Xj,..., Xy) is a vector of independent input variables with
distribution y1 @ - -~ ® g, and f : A C RY — R is such that f(X) € L2(u).

Theorem [Hoeffding, 1948, Efron and Stein, 1981, Sobol, 1993]
There exists a unique expansion of ff of the form

d
fX)=fh+ Y 6X)+ D (X X))+ +f (X, Xa)

i=1 1<i<j<d

such that E[fi(X;)|X,]=0forall /C{1,...,d}and all J C /.

This decomposition is orthogonal — variance decomposition
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Exploration tool: Sensitivity indices

Tool 1. Sobol indices
@ Partial variances: D, = Var(fi(X))), and Sobol indices S; = D,;/D
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Tool 2. Derivative Global Sensitivity Measure (DGSM)
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Usage for screening

Assume that:
@ fis continuous on A = [0, 1]¢
@ for all i, the support of y; contains [0, 1]

@ Variable screening
If either D!t = 0 or v; = 0, then X; is non influential

@ Interaction screening
If either D!9' = 0 or v;; = 0, then (x;, x;) — f(x) is additive

Total interactions can be visualized on the FANOVA graph, where the
edge size is proportionnal to the index value [Fruth et al., 2014].
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lllustration on a toy example

8D g-Sobol function, with uniform inputs on [0, 1]:

H|4X/ 2|+ g
1+ g

with @ = ¢(0,1.4.5.9.99.99.99. 99).
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Figure: 1st order analysis (left) and 2nd order analysis (right) with 10° simulated data
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lllustration on a toy example

A 6D block-additive function, with uniform inputs on [—1,1]:
f(x) = cos([1, X1, X2, x3] " B) + sin([1, Xa, X, X6] ' 7))

with 8 = (—0.8,—1.1,1.1,1)" and v = (-0.5,0.9,1,-1.1) ™.
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Figure: 1st order analysis (left) and 2nd order analysis (right) with 10° simulated data
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Part Il

Interpretating black-box functions
using GSA and derivatives



Spectral expansions

Let Xi, ..., Xg be independent input variables with probability distribution
Wi, g and f e Lz(ﬂ)Withﬂ:u1 X ® pug-

Polynomial chaos expansions consider the orthonormal basis of L?( )
d
e(x) =[] ey(%), €=, .. o) eN?
j=1

where 0 = 1,61, €2, ... is the basis of orthonormal polynomials in L?(y).
V.

Once the basis decomposition obtained f =, crey, with ¢, = (f, &), all
variance-based sensitivity indices (Sobol indices) are available at once, e.g.

D=3 ¢

121, £,... .0

— this nice property is not specific to polynomials, see e.g.

‘Anz‘oniadisi 1984i Tissoti 201 2‘
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Poincaré chaos expansions

Now assume that f € H'(x) i.e. fand ' € L?(p).

A 1D Poincaré basis diagonalizes the derivation operator, in the weak sense:
((e0,),0') = Nie (6 9) Vg€ H ()

With Poincaré chaos, all Sobol indices are available at once, using derivatives

1 of dey\?
tot _ § : 2 _ § 3
D1 (f)— <f,e£> - (A1,é1)2 <8X1,8X1>
d

121,6s,....8q L121,L2,..,¢

— Sobol indices can be estimated more accurately if f is smooth.

Straightforward extension to total interaction indices

2

1 9’f e
D¥(f) = f,e)? = < A >
2(f) Z (f,ec) Z t (Mo X2,05)% \ OXx10x2" Ox10X2

0 21,62>1,43,...,44 421,021,43,...,
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What does a Poincaré basis look like?
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Figure: First Poincaré basis functions for /[0, 1] and £(1) truncated on [0, 3]. Solid
line: analytic expression; Dotted curves: estimated by finite elements.
Software used: sensitivity R package [looss et al., 2023].

Notice that the Poincaré basis function of ‘degree’ n has at most n zeros.
Actually this property is stable by linear combination — T-system
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Poincaré chaos expansion (PoinCE) vs polynomial chaos exp. (PCE)

On the flood model, using derivatives with PoinCE gives more accurate
results especially for small indices, and outperforms PCE [Lithen et al., 2023]
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Figure: Estimates of unnormalized total Sobol’ indices for the flood cost model, via
sparse regression. Software used: UQLab [Marelli and Sudret, 2014].
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Connections with Derivative-based Global Sensitivity Measures (DGSM)

For all f in H'(1z), DGSM can be computed with the Poincaré basis coef.
[Lithen et al., 2023]:

of
= (L) an= 3 nathar
04>1,05,....84
Furthermore, we have the optimal inequality [Lamboni et al., 2013]
D(f) < C(u1 ) (f)
Extension to total interaction indices [Roustant et al., 2014]

Dt 5(f) < C(p1) C(p)v1 2(f)
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Low-cost screening of Sobol indices based on DGSM
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Figure: Total Sobol indices and their upper bounds C(y;)v;/D for the flood model
(subverse output), see [Roustant et al., 2017].
— Zm, L, B (and maybe Cy) will be discarded, only knowing the upper bounds.
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