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Here we present the paper written with F. Barthe and B. looss
[Roustant et al., 2017], in a specific slide show [download].
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https://olivierroustantfr.files.wordpress.com/2018/08/poincare_sensitivity_slides.pdf
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Poincaré basis

Consider the spectral decomposition associated to the Poincaré inequalities.
The eigenfunctions (e,) define a Hilbert basis of L2(u4), called Poincaré basis.
Caracterization of Poincaré basis [Liithen et al., 2021]

Under our assumption on p4, the Poincaré basis is the only orthonormal basis
of L2(uq) in H'(u1) such that its derivative (e],) also form an orthogonal basis.

In particular, the derivative of the Poincaré basis is an orthogonal system:
<e;m e;7> = >\n<em7 en> = >\n5n,m

The proposition above states that it remains dense in L?(;4), and that the
Poincaré basis is the only one to do this.
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Caracterization of the Poincaré basis: sketch of proof

Direct sense.
@ We already mentionned that (e,) remains an orthogonal system.

@ Let us check that (e}, is dense in L2(11), by showing that its orthogonal
space is null.

O. Roustant 2021 July 6/19



Caracterization of the Poincaré basis: sketch of proof

Direct sense.
@ We already mentionned that (e,) remains an orthogonal system.

@ Let us check that (€),) is dense in L?(11), by showing that its orthogonal
space is null. Let f € L2(p) s.t.

(f,e;) =0 VneN.

O. Roustant 2021 July 6/19



Caracterization of the Poincaré basis: sketch of proof

Direct sense.
@ We already mentionned that (e,) remains an orthogonal system.

@ Let us check that (€),) is dense in L?(11), by showing that its orthogonal
space is null. Let f € L2(p) s.t.

(f,e;) =0 VneN.

As f € L2(u) = L?(a,b), 3g € H'(a,b) = H'(u) such that f = ¢/, with:

mn=mm+é3mw

O. Roustant 2021 July 6/19



Caracterization of the Poincaré basis: sketch of proof

Direct sense.
@ We already mentionned that (e,) remains an orthogonal system.

@ Let us check that (€),) is dense in L?(11), by showing that its orthogonal
space is null. Let f € L2(p) s.t.

(f,e;) =0 VneN.

As f € L2(u) = L?(a,b), 3g € H'(a,b) = H'(u) such that f = ¢/, with:

X
9() = g(a)+ | (et
a
Therefore, we have:

(9,€n) = l<g’, e)y=0 vn>1
An

O. Roustant 2021 July 6/19



Caracterization of the Poincaré basis: sketch of proof

Direct sense.
@ We already mentionned that (e,) remains an orthogonal system.

@ Let us check that (€),) is dense in L?(11), by showing that its orthogonal
space is null. Let f € L2(p) s.t.

(f,e;) =0 VneN.

As f € L2(u) = L?(a,b), 3g € H'(a,b) = H'(u) such that f = ¢/, with:

X

9() = g(a)+ | (et

a

Therefore, we have:
(g.00) = -(g"e[) =0 Vn=1
An

This implies that g is proportional to ¢y = 1, thus f = 0.
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Caracterization of the Poincaré basis: sketch of proof

Reverse sense, unicity of the basis.

@ Let (p,) a system of H'(u) with o = 1. Assume that (¢,,) is an
orthonormal basis of L2(1) and (¢},)s>1 is an orthogonal basis of L2(1).
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@ Notice that () is an orthogonal basis of H' ().
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orthonormal basis of L2(1) and (¢},)s>1 is an orthogonal basis of L2(1).

@ Notice that () is an orthogonal basis of H' ().
» Orthogonal by assumption: (¢n, om) p1(,) = (¢n, m) + (©h, m) < n,m.

O. Roustant 2021 July 7/19



Caracterization of the Poincaré basis: sketch of proof

Reverse sense, unicity of the basis.

@ Let (¢) a system of H'(u) with ¢ = 1. Assume that () is an
orthonormal basis of L2(1) and (¢},)s>1 is an orthogonal basis of L2(1).

@ Notice that () is an orthogonal basis of H' ().

» Orthogonal by assumption: (¢n, om) p1(,) = (¢n, m) + (©h, m) < Sn,m.
» Dense by integrating (use again the assumption on p): f' = >~ aner,.

O. Roustant 2021 July 7/19



Caracterization of the Poincaré basis: sketch of proof

Reverse sense, unicity of the basis.

@ Let (¢) a system of H'(u) with ¢ = 1. Assume that () is an
orthonormal basis of L2(1) and (¢},)s>1 is an orthogonal basis of L2(1).

@ Notice that () is an orthogonal basis of H' ().

» Orthogonal by assumption: (¢n, om) p1(,) = (¢n, m) + (©h, m) < Sn,m.
» Dense by integrating (use again the assumption on p): f' = >~ aner,.

@ For a given n € N*, consider the (continuous) linear form

feH (1) = (f,eh)-

O. Roustant 2021 July 7/19



Caracterization of the Poincaré basis: sketch of proof

Reverse sense, unicity of the basis.

@ Let (¢) a system of H'(u) with ¢ = 1. Assume that () is an
orthonormal basis of L2(1) and (¢},)s>1 is an orthogonal basis of L2(1).
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Caracterization of the Poincaré basis: sketch of proof

Reverse sense, unicity of the basis.

@ Let (¢) a system of H'(u) with ¢ = 1. Assume that () is an
orthonormal basis of L2(1) and (¢},)s>1 is an orthogonal basis of L2(1).

@ Notice that () is an orthogonal basis of H' ().

» Orthogonal by assumption: (¢n, om) p1(,) = (¢n, m) + (©h, m) < Sn,m.
» Dense by integrating (use again the assumption on p): f' = >~ aner,.

@ For a given n € N*, consider the (continuous) linear form
feH' () = (F. o).
By Riesz theorem, there exists a unique ¢, € H'(x) such that
vfe H'(n), (f's0n) = (f,Cn) gy
With f = o, (M # n), by density of (¢,) € H'(1), we get ¢ o< ©p.

With f =, we get (', o}) = An(f, ©n), and (¢n)n is the Poincaré basis.
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Computation of Poincaré constant and basis

@ By finite elements (FE) in 1D (or 2D). [Roustant et al., 2017]
If V is of class C¥ (with dyuq(x) = e~V dx), then with n knots for FE:

» Convergence of estimated eigenvalues at the speed 1/n?*+"
» Convergence of estimated eigenfunctions at the speed 1/n*"

@ For any dimension, it is possible to estimate the Poincaré constant from a
sample of ;1 (any dim.), by using a RKHS dense in H'(u).
[Pillaud-Vivien et al., 2019]

» Convergence at the speed 1/+/n, where n is the sample size

Remark. Both methods involve a eigen decomposition of a matrix of size n
= n < 10000
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Figure: Estimated first eigenfunctions and their derivatives for the uniform pdf on [0, 1].

The superimposed grey solid lines are the true curves, cor. to e,(x) = v2 cos (25%).
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Figure: Estimated first eigenfunctions and their derivatives for the exp. pdf £(1),
truncated on [0, 3]. The superimposed grey solid lines are the true curves.
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lllustrations
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Figure: Estimated first eigenfunctions and their derivatives for the triangle pdf on [0, 1].
Software used: sensitivity R package [looss et al., 2021].



Generalized chaos expansion

Forall j, let g0 = 1,6)1,..., 6,1 be orthonormal functions in L?(y;).
We call generalized chaos a tensor of the form:

d
ec(x) =] 6.4(x)
j=1

where £ = (¢4, ...,Lq) is a multi-index.
When the e are (orthonormal) polynomials, we recover polynomial chaos.
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m= > ae, Dithy= > ¢

£,>10,=0,...,64=0 £,>10,=0,...,64=0

4

O. Roustant 2021 July 12/19




Generalized chaos expansion

Forall j, let g0 = 1,6)1,..., 6,1 be orthonormal functions in L?(y;).
We call generalized chaos a tensor of the form:

d
ec(x) =] 6.4(x)
j=1

where ¢ = (¢4,...,44) is a multi-index.
When the e are (orthonormal) polynomials, we recover polynomial chaos.

Property
For any centered function h, denote ¢, = (h, e;). Then h=3_, ce;, and:

h1 = E Cy €y, D1 (h) = Cz
£:>10,=0,...,64=0 £:>10,=0,...,64=0
tot E tot E 2
h C[ e[, D1 (h) CK
121,062,849 121,062,849
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Poincaré chaos expansions, application to sensitivity analysis

Define the Poincaré expansion (PoinCE) as the chaos expansion obtained
with the Poincaré basis.

Properties (variance-based indices with Poincaré chaos)
For all hin H'(u), we can rewrite (total) Sobol indices with derivatives:

1 0h
Di(h) = Z<h’e1’€‘>2:Z)\T(aT,qu)?.
! o1 My OX
Df'(h) = T (hers...ean)’
0>1,8p,...,8g
1 0h .
- Z (561,082 - - - €dye)°-
sttty My OX T
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When using derivatives?

Consider a squared integral 6 = (| g(x)du(x))2, when g is equal to:

Gair = ho1, ho19j, ... O Qder = 1/11, ¢1 G- - -

for some functions ¢;, ¢;, ¢, . . ..



When using derivatives?

Consider a squared integral 6 = (| g(x)d,u(x))2, when g is equal to:

Gair = hoq, ho1 9, . .. O Qder = ¢1, ¢1 G- - -

for some functions ¢;, ¢;, ¢, . . ..

The reason why we should compute 6 with / without derivatives is numerical.
The sample estimate § = (1 37, g(X’)) with X', ..., X" i.id. ~ u, verifies:

~

Y (0, 4:Varu(g))

Hence, for one squared integral, using the derivative form can reduce
estimation error when gyer is less variable than gyj.
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Poincaré chaos expansions, application to sensitivity analysis

Property (derivative-based sensitivity measure with DGSM)
Forall hin H'(x), DGSM can be computed with the Poincaré basis coef.:

1 oh
mh) = D Mathe)®= D (5 €l 0au)
IR U1ty E O
2 2 2
oh oey 2 || Oee
Proof: wvi(h) = ‘— = (hyee) =1l = (h, e) -
9xi £ 21%;..,41 Oxi 2 >1§...,4d Oxi
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Poincaré chaos expansions, application to sensitivity analysis

Property (derivative-based sensitivity measure with DGSM)

Forall hin H'(x), DGSM can be computed with the Poincaré basis coef.:

1, 0h
vi(h) = Yo Anlheni= > { e .. g,

)\ 8X1’ 1,@1 e2;£2'
06>1,6,0 1 SIS

on
8X1

2

Proof: uv(h) = ‘

8e£
Z (h, eﬁaf)ﬁ

04>1,00,...,0y

= Z <h7 e£>2

0421,43,...,0q

Remark: wi(h) >y S (he)? =~ DP(h)
04>1,0p,...,0 C(u1)
121,80,... 4y

Hence we retrieve the upper bound: DI*'(h) < C(u1)v1(h)
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Poincaré chaos expansion (PoinCE) vs polynomial chaos exp. (PCE)

On the flood model, using derivatives with PoinCE gives more accurate
results especially for small indices, and outperforms PCE [Lithen et al., 2021]
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Figure: Estimates of unnormalized total Sobol’ indices for the flood cost model, via
sparse regression. Software used: UQLab [Marelli and Sudret, 2014].
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Some conclusions

@ Poincaré inequalities give an upper bound of Sobol indices with DGSM

@ A Poincaré basis remains an orthogonal basis by derivation (and is the
only one to do so).
» Particular cases: Hermite polynomials for the Normal distribution, a kind of
Fourier basis for the uniform distribution.
» Efficient numerical method based on finite elements

@ Poincaré chaos give simple expressions for Sobol indices and DGSM, as
a sum of (weighted) squared, involving (or not) derivatives

@ Using derivatives for sensitivity analysis is very efficient for screening,
provided the function is smooth. Couterexample: oscillations!
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Perspectives

@ Use the derivative information to build the chaos expansion

@ Extension to 2D problems, assuming independence of pairs of variables
— Attend the PhD defense of Clément Steiner to learn more!

@ Active subspaces
— See the course of Clémentine Prieur in this summer school
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